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Available theoretical solutions for the pure bending process can
be divided into the two groups, namely rigid plastic and elastic–
plastic solutions. The ﬁrst exact solution at large strains has been
given Hill (1950) for rigid perfectly plastic material. Approximate
formulations for pure bending of rigid plastic, hardening material
and corresponding solutions have been proposed in Dadras and
Majless (1982). A similar approach has been employed by Verguts
and Sowerby (1975) to study the pure bending process of lami-
nated sheets of rigid perfectly plastic and rigid plastic hardening
materials. An effect of plastic anisotropy has been taken into
account by Wang et al. (1993) and Tan et al. (1995) where, how-
ever, the accumulated strain in the constitutive equations has been
replaced with the true strain of an element, i.e. an inﬂuence of the
reverse straining on the constitutive behaviour in the vicinity of
the neutral line has been neglected. A uniﬁed theory of plane strain
pure bending has been developed by Alexandrov et al. (2006)
where exact solutions have been obtained for several rigid plastic
material models, including strain hardening, strain rate hardening
as well as strain and strain rate hardening materials. The same
approach has been applied to models of pressure-dependent plas-
ticity in Lyamina (2005). The pure bending process is an exception
to many metal forming processes since the applicability of rigid
plastic models to this process has not yet been justiﬁed. For, a
stress discontinuity line that coincides with the neutral line in rigidll rights reserved.
f Mechanical and Electro-
versity, No.70, Lien-Hai Rd.,
(S. Alexandrov), ymhwang@plastic solutions becomes a narrow zone where the rate of stress is
very high in elastic–plastic solutions and, therefore, elastic strain
rates are not negligible as compared to plastic strain rates. This
drawback of rigid plastic solutions has been mentioned in Hill
(1950). Moreover, elastic properties should be included in the
constitutive equations to calculate springback. However, most of
elastic–plastic solutions for the pure bending process are based
on the assumption of small strains. Chakrabarty et al. (2001) have
studied the elastic–plastic bending of anisotropic sheets, Dadras
(2001) has included an effect of strain hardening and dealt with
initially curved sheets, the distribution of residual stresses in mul-
ti-layer sheets subjected to both thermal loading and external
bending has been obtained in Hsueh et al. (2003). The elastic–plas-
tic solution at large strains given in Wang et al. (1993) has the
aforementioned drawback that the actual distribution of strain in
the vicinity of the neutral line has been replaced with an approxi-
mate distribution. Even though such an approach signiﬁcantly sim-
pliﬁes the solution, an effect of the simpliﬁcation on the accuracy
of the ﬁnal result is unclear (Dadras and Majless, 1982). An inﬂu-
ence of plastic anisotropy on springback has been studied by Chan
and Wang (1999). An approximate plane stress solution has been
given and, as in Wang et al. (1993) and Tan et al. (1995), the actual
distribution of strain in the vicinity of the neutral line has been
ignored. A detailed review on springback simulation is provided
in Li et al. (2002). In particular, it has been mentioned that spring-
back analyses require much more through-thickness integration
points than typical forming simulations. The sensitivity of spring-
back predictions to numerical as well as physical parameters has
been also mentioned in Papeleux and Ponthot (2002). Therefore,
a suitable benchmark problem for verifying numerical solutions
should admit a closed form solution to exclude an inﬂuence of
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compared to experiment.
Finite deformation elastic–plastic solutions for pure bending
can be derived by means of the theory developed in Alexandrov
et al. (2006) assuming that the material is incompressible. One
example of such solutions has been given in Alexandrov et al.
(2006) where an effect of elastic properties on the bending
moment has been demonstrated. Another approach has been
proposed in Gao (1994) for elastic–plastic linear hardening mate-
rial obeying Hencky’s deformation theory of plasticity.
In this paper, the theory proposed in Alexandrov et al. (2006) is
extended to elastic–plastic orthotropic materials and to the stage
of unloading. Elastic properties are assumed to be isotropic. To
account for the evolution of the yield locus as the deformation
proceeds, it is supposed that its shape does not change but it
rotates with respect to space ﬁxed axes at the rate equal to the spin
(Collins and Meguid (1977)). First, the exact closed form rigid plas-
tic solution is derived to show an effect of plastic anisotropy on the
bending moment. Quite a general plane strain yield criterion is
adopted. Then, the elastic–plastic solution is given with the use
of a particular form of the yield criterion. The elastic–plastic bend-
ing moment, residual stress distribution, and the shape after
unloading (springback) are calculated.
In the case of the elastic–plastic solution, several stages of
deformation should be distinguished. In some stages the closed
form solution is obtained. When it is impossible, the numerical
treatment is reduced to calculating ordinary integrals or solving
an ordinary differential equation, or solving transcendental equa-
tions. Therefore, a very high accuracy can be easily achieved and
the solution can serve as a simple benchmark test for numerical
packages. A necessity of such tests has been pointed out in Roberts
et al. (1992).
2. Kinematics of the process
The approach proposed in Alexandrov et al. (2006) starts with
the kinematics of the pure bending process of sheets, which is
independent of constitutive laws. Even though isotropic materials
only have been explicitly considered in this work, it will be shown
below that the approach is also valid for a class of anisotropic
materials satisfying the general plane strain yield criterion in theFig. 1. Geometry of theform given in Rice (1973), the principle of maximum plastic work
and the evolution law for anisotropic properties proposed in
Collins and Meguid (1977). In particular, the following mapping
between an Eulerian–Cartesian coordinate system xy and a
Lagrangian coordinate system fg has been introduced in Alexan-
drov et al. (2006):
x
H
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
f
a
þ s
a2
r
cosð2agÞ 
ﬃﬃ
s
p
a
;
y
H
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
f
a
þ s
a2
r
sinð2agÞ; ð1Þ
where H is constant, s is an arbitrary function of a, a is a function of
the time, t, and a = 0 at t = 0. It follows from (1) that x ¼ fH
and y ¼ gH at a = 0 if
s ¼ 1=4 at a ¼ 0: ð2Þ
It can be veriﬁed by inspection by applying l’Hospital’s rule to (1),
with the use of (2), as a! 0. Eqs. (1) and (2) describe a transforma-
tion of the rectangle deﬁned at the initial instant, a = 0, by the equa-
tions x = H, x = 0 and y ¼ L (or, in the Lagrangian coordinates, by
the equations f ¼ 1; f ¼ 0 and g ¼ L=H) into the shape deter-
mined by two circular arcs, AD and CB, and two straight lines, AD
and CB (Fig. 1). Therefore, H is the initial thickness of the sheet.
It is convenient to introduce a moving cylindrical coordinate
system rh by the transformation equations
x
H
þ
ﬃﬃ
s
p
a
¼ r cos h
H
and
y
H
¼ r sin h
H
: ð3Þ
The origin of this coordinate system is located at x=H ¼  ﬃﬃsp =a and
y = 0. The lines CB and DA are determined by the equations h ¼ h0,
and the lines AB and CD by the equations r ¼ rAB and r ¼ rCD,
respectively (Fig. 1). h0; rAB; and rCD are functions of a. Using (1) it
is also possible to get the following relations:
r
H
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
f
a
þ s
a2
r
and h ¼ 2ag ð4Þ
showing that coordinate curves of the Lagrangian system coincide
with coordinate curves of the cylindrical coordinate system. Eq.
(4) give
rAB
H
¼
ﬃﬃ
s
p
a
;
rCD
H
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s
a2
 1
a
r
; h0 ¼ 2aLH ;
h
H
¼
ﬃﬃ
s
p  ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃs ap
a
; ð5ÞL
process – notation.
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cient to obtain the solution in the region yP 0 (or hP 0). It follows
from (4) and the deﬁnition for g that a is proportional to
h0; h0 ¼ 2aL=H. This may be considered as a physical interpretation
of a.
Using (1) the components of the metric tensor of the Lagrangian
coordinates are determined in the form
gff ¼
H2
4ðfaþ sÞ ; ggg ¼ 4H
2ðfaþ sÞ; gfg ¼ 0: ð6Þ
Since gfg ¼ 0, the Lagrangian coordinate system is orthogonal and
its coordinate curves coincide with trajectories of principal strain
rates. The principal strain rates can be found from (6) in the form
nff ¼
1
2gff
ogff
ot
¼ ðfþ ds=daÞ
2ðfaþ sÞ
da
dt
;
ngg ¼
1
2ggg
oggg
ot
¼ ðfþ ds=daÞ
2ðfaþ sÞ
da
dt
: ð7Þ
It follows from these equations that the incompressibility equation
is satisﬁed. Eq. (7) also show that the principal strain rates vanish at
the coordinate curve
f ¼ f0 ¼ 
ds
da
; ð8Þ
where f0 is a function of a. The curve f ¼ f0 corresponds to the neu-
tral line. The principal logarithmic strains are determined from (7),
with the use of (2), as
eff ¼ egg ¼ 12 ln½4ðfaþ sÞ: ð9Þ3. Stress equations and constitutive equations
Any homogeneous, incompressible material which complies
with the principle of maximum plastic work exhibits a reduced
yield criterion, governing states of plane ﬂow, that depends only
on the deviatoric parts of the in-plane stress tensor (Rice, 1973).
Schematically this statement is illustrated in Fig. 2 where
rff; rgg and rfg are the physical components of the stress tensor
in the Lagrangian system of coordinates. Assume that the material
is orthotropic and the principal axes of anisotropy coincide with
the x- and y-directions at the initial instant. A law for the evolution
of yield criteria of anisotropic materials has been proposed in Col-
lins and Meguid (1977). Combining this law and Eq. (6) it is possi-
ble to ﬁnd that the principal axes of anisotropy are perpetually
tangent to coordinate curves of the Lagrangian coordinate system.
The subsequent analysis is restricted to yield contours orthogonal
to the horizontal axis at the points of the intersection of the con-
tour and the axis (Fig. 2). Then, it follows from the associated ﬂow
rule and (6) that the state of stress in the plastic zone corresponds
to one of these points and that coordinate curves of the Lagrangian
coordinate system coincide with trajectories of the principal stres-Fig. 2. Yield contour in Mohr plane.ses. Therefore, the shape of the contour (Fig. 2) has no inﬂuence on
the solution and the yield criterion is formulated as
rff  rgg ¼
2T1; rff > rgg;
2T2; rff < rgg:

ð10Þ
Thus plastic anisotropy may have an essential effect on the solution
only if T1–T2. Otherwise, (10) has the same form as an arbitrary iso-
tropic yield criterion and there is no difference between isotropic
and anisotropic solutions in an appropriate dimensionless form.
For example, in the case of Mises yield criterion T1 (and T2) is the
shear yield stress. In the case of the Hill’s quadratic yield criterion
(Hill, 1950) T1 (and T2) is
T1 ¼ T2 ¼ r
2
Xr2YrZﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2r2Xr2Yr2Zðr2Y þ r2ZÞ  r4Yr4Z  r4Xðr2Y  r2ZÞ2
q ;
where rX ; rY and rZ are the tensile yield stresses in the f-, g- and
thickness-directions, respectively.
The only non-trivial equilibrium equation in the cylindrical
coordinate system takes the following form orrr=or þ ðrrr
rhhÞr1 ¼ 0. Using (4) and the relations rrr ¼ rff and rhh ¼ rgg this
equation can be rewritten in the form
orff
of
þ aðrff  rggÞ
2ðfaþ sÞ ¼ 0: ð11Þ
Once this equation has been solved, the stress rgg follows from (10).
The bending moment per unit length is deﬁned by
M ¼
Z rAB
rCD
rggrdr:
Using (4) this equation can be transformed to
m ¼ M
T2H
2 ¼
1
2a
Z 0
1
rgg
T2
df; ð12Þ
where m is the dimensionless bending moment.
4. Rigid plastic material
Taking into account that rff < rgg in the region 0P fP f0
and rff > rgg in the region f0 P fP 1 and substituting (10) into
(11) it is possible to get after integration
rff ¼ T2 ln faþ ss
 
ð13Þ
in the region 0P fP f0 and
rff ¼ T1 ln faþ ss a
 
ð14Þ
in the region f0 P fP 1. The stress rff should be continuous
across the neutral line. Therefore, (13) and (14) lead to
s ln s a
sþ af0
 
¼ ln sþ af0
s
 
;
or, with the use of (8), to the ordinary differential equation
f0 ¼
ds
da
¼ s ðs aÞ
s=ð1þsÞs1=ð1þsÞ
a
: ð15Þ
Here s ¼ T1=T2. The solution to this equation satisfying the condi-
tion (2) is given in implicit form
lnð4sÞ ¼ B1a=s 11þ s ;0
 
 ln a
s
 
 c w 1
1þ s
 
; ð16Þ
where B1a=s ð1þ sÞ1;0
h i
is the incomplete beta function, c is Eu-
ler’s constant, c  0:577, and w is the di-gamma function. The def-
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Fig. 3. Variation of the rigid plastic bending moment with the radius of the concave
surface at different values of s.
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in Spiegel (1968). Using the special functions is advantageous here
because a! 0 in the beginning of the process and the right-hand
side of (15) contains a in the denominator. Passing in (15) to the
limit as a! 0, it is possible to ﬁnd, with the use of (2) and (16), that
f0 ¼ s=ð1þ sÞ at the initial instant. The distribution of rgg follows
from (10), (13) and (14) in the form
rgg
T2
¼ s ln
faþs
sa
 	þ 2
 ; 1 6 f < f0;
ln faþss
 	þ 2; f0 < f 6 0:
(
ð17Þ
Substituting (17) into (12) and integrating gives
mrp ¼  ½f0ð1þ sÞ þ s2a þ
1
2a
f0 þ
s
a
 
ln
sðs aÞs
ðaf0 þ sÞ1þs
" #
: ð18Þ
In the limit as a! 0 the value of mrp tends to s=ð1þ sÞ, as follows
from (15), (16) and (18). The variation of mrp with the radius of the
concave surface at different values of s is depicted in Fig. 3. The
position of the neutral line strongly depends on s as well and is
determined in the cylindrical coordinates by means of (4), (14)
and (15). Fig. 4 illustrates the dependence of D on rCD at different
values of s where D ¼ rn  rCD and r ¼ rn is the equation for the
neutral line in the cylindrical system of coordinates. The current
thickness of the sheet can be calculated by means of (5). Its varia-
tion with radius rCD for several values of s is shown in Fig. 5.
The solution simpliﬁes signiﬁcantly in the special case when
s ¼ 1 (or T2 ¼ T1 ¼ T). In particular, Eqs. (15) and (16) transform to0.4
0.5
0.6
0.7 Δ /H
0.2
0.3
0 0.2 0.4
Fig. 4. Variation of the position of the neutral line with thes ¼ 1
4
ðaþ 1Þ2 and f0 ¼ 
1þ a
2
: ð19Þ
The dimensionless bending moment is determined from (18) and
(19) in the form mrp ¼ 1=2. This result and (19), coincide with the
isotropic solution given in Hill (1950). It is also seen from Fig. 5 that
the thickness remains constant for s ¼ 1. This result coincides with
the solution given in Hill (1950) as well.
5. Elastic–plastic material at loading
The elastic properties of the material are supposed to be isotro-
pic. A typical theory of ﬁnite elastic–plastic deformation is based
on the assumption that D ¼ De þ Dp where D is the strain rate ten-
sor, De is its elastic portion and Dp is its plastic portion. In the com-
ponent form, for the problem under consideration this equation
reduces to
nff ¼ neff þ npff; ngg ¼ negg þ npgg: ð20Þ
Since the material is incompressible, the elastic portion is propor-
tional to the Jaumann rate of the deviatoric stress tensor. However,
it has been shown in Alexandrov et al. (2006) that in the problem
under consideration the Jaumann rate coincides with the material
derivative. Therefore, there are two non-trivial equations for the
elastic strain rate components in the form
_sff ¼ 2Gneff ¼ 2G _eeff; _sgg ¼ 2Gnegg ¼ 2G _eegg; ð21Þ
where G is the shear modulus of elasticity and the superimposed
dot denotes the material derivative. Note that szz ¼ 0 because theτ=0.5
τ=0.75
τ=1
τ=1.25
0.6 0.8 1
H/rCD
τ=1.5
τ=1.75
τ=2
radius of the concave surface at different values of s.
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ated ﬂow rule. Since there are two non-trivial equations for the total
strain rates and the equation of incompressibility has been already
satisﬁed, these equations reduce to one which determines the coef-
ﬁcient of proportionality involved in the associated ﬂow rule.
Therefore, there no need to include the associated ﬂow rule in the
system of equations. In the elastic zone where npff ¼ npgg ¼ 0 during
the entire process, Eq. (21) can be immediately integrated, with
the use of (9), to give
sff ¼ G ln½4ðfaþ sÞ; sgg ¼ G ln½4ðfaþ sÞ: ð22Þ
It is convenient to divide the process of deformation into several
stages. At the ﬁrst stage, no plastic deformation occurs in the spec-
imen and Eq. (22) are valid everywhere. The bending moment at
this stage can be written in the form (Alexandrov et al., 2006)
M ¼ H
2G
4
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 4a2p arcsinhð2aÞ  2a
a2
" #
: ð23Þ
Moreover, the dependence of s on a is given by
s ¼ 2aþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 4a2p
4
: ð24Þ
The second stage begins when the plastic zone starts to form at
either f ¼ 0 or f ¼ 1. In terms of the principal deviatoric stresses
the yield condition (10) has the form
snn ¼ T1; 1 6 f < f0;
sgg ¼ T2; f0 < f 6 0:
ð25Þ
Let ae be the value of a at which the plastic zone starts to develop.
Substituting (22) into (25), with the use of (24), gives
2ae ¼
sinhðp1=2Þ p1 6 p2;
sinhðp2=2Þ p1 P p2;

ð26Þ
where p1 ¼ 2T1=G and p2 ¼ 2T2=G. Eq. (26) implies that the plastic
zones start to develop at f ¼ 0 and f ¼ 1 simultaneously if
p1 ¼ p2. For a sake of simplicity, the following analysis is restricted
to this case. The general case can be treated with no essential difﬁ-
culty but involves cumbersome algebra. Thus p1 ¼ p2 ¼ p and
2ae ¼ sinhðp=2Þ.
Let f ¼ f1ðaÞ and f ¼ f2ðaÞ be the elastic–plastic boundaries
moving from f ¼ 0 and f ¼ 1, respectively. Eq. (13) with T2 ¼ T
is valid in the region 0P fP f1 and Eq. (14) with T1 ¼ T in the re-
gion 1 6 f 6 f2. The circumferential stress is determined from
these equations and the yield criterion (10). Finally,
rff ¼ T ln faþ ss
 
; rgg ¼ T ln faþ ss
 
þ 2
 
ð27Þ
in the region 0P fP f1 and
rff ¼ T ln faþ ss a
 
; rgg ¼ T ln s afaþ s
 
 2
 
ð28Þ
in the region 1 6 f 6 f2. In the elastic region, f1 P fP f2, the
equation for rnn is obtained from (11) and (22) in the form
orff
of
¼ aG ln½4ðfaþ sÞðfaþ sÞ :
Its general solution is
rnn ¼ G2 ln
2½4ðfaþ sÞ þ CG
2
; ð29Þ
where C is a constant of integration. The radial stress must be con-
tinuous across the curves f ¼ f1 and f ¼ f2. These conditions, with
the use of (27)–(29), lead top ln
ðf1aþ sÞðf2aþ sÞ
sðs aÞ
 
¼ ln2 4 f1aþ sð Þ½   ln2 4 f2aþ sð Þ½ ;
C ¼ p ln f1aþ s
s
 
 ln2 4 f1aþ sð Þ½ :
ð30Þ
A typical additional assumption in plasticity theories is that the
material is at yield on the elastic side of the elastic–plastic bound-
ary. In the problem under consideration, it requires that rgg is
continuous across the elastic–plastic boundary. This condition is
equivalent to the condition of continuity of sgg. As follows from
(25), on the plastic side of the elastic–plastic boundaries sgg ¼ T
where the upper sign corresponds to f1 and the lower sign to f2.
Combining these equations and (22) gives
p=2 ¼ ln½4ðf1aþ sÞ; p=2 ¼ ln½4ðf2aþ sÞ: ð31Þ
Substituting (31) into (30) leads to Eq. (24)for s and the following
equation for C:
C ¼ p2=4 p lnð4sÞ: ð32Þ
The functions f1ðaÞ and f2ðaÞ can be found from (31) in the form
f1 ¼
expðp=2Þ  4s
4a
; f2 ¼
expðp=2Þ  4s
4a
: ð33Þ
The circumferential stress in the elastic region, f1 6 f 6 f2, is deter-
mined from (22), (29) and (30). Finally,
rff
T
¼ 1
p
ln2½4ðfaþ sÞ þ p
4
 lnð4sÞ;
rgg
T
¼ 1
p
ln2½4ðfaþ sÞ þ p
4
 lnð4sÞ þ 4
p
ln½4ðfaþ sÞ:
ð34Þ
In Eqs. (33) and (34) the value of s can be excluded by means of (24).
The bending moment at aP ae can be calculated from (12). In the
plastic regions, the stress rgg is given by (27) and (28) where s
should be excluded by means of (24). In the elastic region rgg is gi-
ven by (34). It is obvious that the bending moment can be expressed
in terms of elementary functions, though the expression is
cumbersome.
Stage 2 ends when the function f2ðaÞ reaches its maximum,
f2 ¼ fmax2 . At this instant the elastic/plastic boundary f ¼ f2ðaÞ
starts to move in the opposite direction, to the surface f ¼ 1,
and elastic unloading in the region fmax2 > f > f2ðaÞ occurs. Using
(33) a necessary condition of a maximum of the function f2ðaÞ
can be written in the form 1 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1þ 4a2p expðpÞ ¼ 0. The solution
to this equation determines the value of a at which stage 3 starts in
the form
a ¼ a2 ¼ 12
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
expp 1
p
: ð35Þ
Then, it follows from (24) and (33) that
fmax2 ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
expp 1
p
þ 2 sinhðp=2Þ
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
expp 1
p : ð36Þ
The neutral line coincides with f ¼ f2 ¼ fmax2 at a ¼ a2 and its equa-
tion at aP a2 is
ds=da ¼ f2: ð37Þ
At a > a2 it is necessary to consider four regions, namely
1 6 f 6 f2; f2 6 f 6 fmax2 ; fmax2 6 f 6 f1; and f1 6 f 6 0. In the re-
gions f1 6 f 6 0 and fmax2 6 f 6 f1 the distribution of stresses
rff and rgg is given by (27) and (34), respectively. Therefore, Eq.
(33) for f1 is valid but sðaÞ is not given by (24). The solution for
rff and rgg in the region 1 6 f 6 f2 is given by (28). In the region
f2 6 f 6 fmax2 elastic unloading occurs. Since the deviatoric stresses
1 m /mep rp
1 2 3
0.8
4
0.6
0.4
0.2
H/r
0
CD
0 0.005 0.015 0.020.01
Fig. 7. Dependence of the elastic–plastic bending moment on the radius of the
concave surface at the beginning of the process ð1 — p ¼ 2 103; 2 — p ¼
4 103; 3 — p ¼ 6 103; 1 — p ¼ 8 103Þ.
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sff ¼ T and sgg ¼ T , the solution to Eq. (21) has the following
form:
sff  T ¼ 2Gðeff  eð2Þff Þ; sgg þ T ¼ 2G egg  eð2Þgg
 
: ð38Þ
Here eð2Þff and e
ð2Þ
gg are the strains in each ﬁbre in the region
f2 6 f 6 fmax2 at the instant when unloading begins in the ﬁbre.
Equations (38), with the use of Eqs. (9), can be rewritten in the form
sff  T ¼ G ln fapðfÞ þ spðfÞfaþ s
 
;
sgg þ T ¼ G ln faþ sfapðfÞ þ spðfÞ
 
: ð39Þ
Here apðfÞ is the inverse function to f2ðaÞ and spðfÞ is the value of s
corresponding to apðfÞ. Substituting (39) into (11) leads to
1
T
orff
of
þ a
faþ sþ
2a
pðfaþ sÞ ln
fapðfÞ þ spðfÞ
faþ s
 
: ð40Þ
Since the stress rff is continuous across f ¼ f2, integration of (40)
with the use of (28) gives
rff
T
¼ ln s a
faþ s
 
 2a
p
Z f
f2
1
ðuaþ sÞ ln
uapðuÞ þ spðuÞ
uaþ s
 
du: ð41Þ
Then, using the condition that rff is continuous across f ¼ fmax2 as
well as Eqs. (34) and (37), Eq. (41) leads to the following differential
equation for s(a):
ln
s a
fmax2 aþ s
 
 2a
p
Z fmax2
ds=da
1
ðfaþ sÞ ln
fapðfÞ þ spðfÞ
faþ s
 
df
¼ 1
p
ln2½4ðfmax2 aþ sÞ þ
p
4
 lnð4sÞ: ð42Þ
This equation should be solved numerically. It follows from (39) and
(41) that the circumferential stress in the region f2 6 f 6 fmax2 is gi-
ven by
rgg
T
¼ ln s a
faþ s
 
 2a
p
Z f
f2
1
ðuaþ sÞ ln
uapðuÞ þ spðuÞ
uaþ s
 
du
 2þ 4
p
ln
faþ s
fapðfÞ þ spðfÞ
 
: ð43Þ
Using (27), (28), (34) and (43) the bending moment can be calcu-
lated according to (12) where T2 should be replaced with T. This
moment is denoted by mep and its distribution at p ¼ 8 103 is
shown in Fig. 6. It is seen from this diagram that an effect of elastic
properties is revealed at the very beginning of the process only. In1 mep/mrp
0.8
0.6
0.4
0.2
H/rCD0
0 0.02 0.04 0.06 0.08 0.1
Fig. 6. Effect of elasticity on the bending moment.particular, mep  mrp at rCD=H < 70. The dependence of mep on p in
the range 0 6 H=rCD 6 0:02 is illustrated in Fig. 7. Note that
mrp ¼ 1=2 in the case under consideration, T1 ¼ T2 ¼ T . The stage
considered ends when f1 ¼ fmax2 (or rCD=H  3:6 at p ¼ 8 103).
In general, it is possible to extend the solution to smaller rCD. How-
ever, it makes no sense because the rigid plastic solution is very
accurate at much larger values of rCD.
6. Elastic–plastic material at unloading
The material at unloading obeys the relations (21). The solution
to these equations is
sff  sðlÞff ¼ 2G eff  eðlÞff
 
; sgg  sðlÞgg ¼ 2G egg  eðlÞgg
 
; ð44Þ
where sðlÞff ; s
ðlÞ
gg; eðlÞff ; and e
ðlÞ
gg are the value of the deviatoric stresses
and strains at the end of the loading stage. The dependence of these
values on f is known from the solution on the previous stage. In par-
ticular, the distribution of the strains is always determined by (9)
where, however, the relation between s and a depends on the stage
of the process. At the end of the loading stage s ¼ sðlÞ and a ¼ aðlÞ.
Therefore,
eðlÞff ¼ eðlÞgg ¼ 
1
2
ln 4 faðlÞ þ sðlÞ 	
 : ð45Þ
Then, it follows from (9), (44) and (45) that
sff  sgg ¼ sðlÞff  sðlÞgg þ 2G ln
faðlÞ þ sðlÞ
faþ s
 
: ð46Þ
Substituting (46) into (11) gives
orff
Tof
¼ aðs
ðlÞ
gg  sðlÞff Þ
2Tðfaþ sÞ þ
2a
pðfaþ sÞ ln
faþ s
faðlÞ þ sðlÞ
 
: ð47Þ
The solution to this equation satisfying the boundary condition
rff ¼ 0 at f ¼ 1 can be written in the form
rff
T
¼ a
Z f
1
sðlÞgg  sðlÞff
 
2Tðuaþ sÞ þ
2
pðuaþ sÞ ln
uaþ s
uaðlÞ þ sðlÞ
 24
3
5du: ð48Þ
Combining this solution and the other boundary condition, rff ¼ 0
at f ¼ 0, leads to the following equation:
70 ( /H) 4rCD u
3
60 2
1
50
40
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20
(rCD/H)l
10 20 30 40 50
10
Fig. 8. Dependence of radius rCD after unloading on its value at the end of loading
ð1 — p ¼ 2 103; 2 — p ¼ 4 103; 3 — p ¼ 6 103; 4 — p ¼ 8 103Þ.
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Fig. 9. Through thickness distribution of the radial residual stress at rCD=H ¼ 22 at
the end of loading ð1 — p ¼ 2 103; 2 — p ¼ 4 103; 3 — p ¼ 6 103; 4 — p ¼
8 103Þ.
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Fig. 10. Through thickness distribution of the circumferential residual stress at
rCD=H ¼ 22 at the end of loading ð1 — p ¼ 2 103; 2 — p ¼ 4 103; 3 — p ¼
6 103; 4 — p ¼ 8 103Þ.
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1
sðlÞgg  sðlÞff
 
2Tðfaþ sÞ þ
2
pðfaþ sÞ ln
faþ s
faðlÞ þ sðlÞ
 24
3
5df ¼ 0: ð49Þ
At the stage of the process when f2 is an increasing function of
a, Eq. (24) determines sðlÞ as a function of aðlÞ and there are three do-
mains such that
sðlÞff  sðlÞgg
 .
T ¼ 2 at fðlÞ1 6 f 6 0;
sðlÞff  sðlÞgg
 .
T ¼ 4
p
ln 4 faðlÞ þ sðlÞ 	
 ; at fðlÞ2 6 f 6 fðlÞ1 ;
sðlÞff  sðlÞgg
 .
T ¼ 2 at  1 6 f 6 fðlÞ2 :
ð50Þ
Here fðlÞ2 and f
ðlÞ
1 are the values of f2 and f1 at the end of the loading
stage. The dependence of fðlÞ2 and f
ðlÞ
1 on a
ðlÞ is determined from (24)
and (33). Substituting (50) into (49) and integrating it is possible to
arrive at a transcendental equation that relates a and s in a closed
form in terms of several polylogarithm functions Li2ðzÞ. The ﬁnal
expression is cumbersome and is given in Appendix A. It has been
actually used in calculation to increase the accuracy. The other
equation for a and s is obtained from the conditionM = 0. As follows
from (12) this condition is equivalent toZ 0
1
rgg
T
df ¼ 0: ð51Þ
The integrand here can be expressed as a function of f by means of
(46), (48) and (50) and the equation
rgg ¼ rff þ sgg  sff: ð52Þ
Solving (49) and (51) for a and s determines the respective values
after uploading, aðuÞ and sðuÞ. Substituting these values in (46),
(48), (50) and (52) provides the distribution of residual stresses.
Using (4) at a ¼ aðuÞ and s ¼ sðuÞ gives this distribution in the phys-
ical space in parametric form. Any measure of springback can be
found from (5). In this paper, the value of rCD after uploading,
ðrCD=HÞu, is compared to its value at the end of loading, ðrCD=HÞl.
After f2 has attained its maximum, the general procedure for
obtaining and solving the system of equations is the same. It is,
however, necessary to include the domain fðlÞ2 6 f 6 f
max
2 into con-
sideration. The difference sðlÞff  sðlÞgg in this domain is determined
from (39). Then,
sðlÞff  sðlÞgg
 .
T ¼ 2 at fðlÞ1 6 f 6 0;
sðlÞff  sðlÞgg
 .
T ¼ 4
p
ln 4 faðlÞ þ sðlÞ 	
  at fmax2 6 f 6 fðlÞ1 ;
sðlÞff  sðlÞgg
 .
T ¼ 2þ 4
p
ln
fapðfÞ þ spðfÞ
faðlÞ þ sðlÞ
 
at fðlÞ2 6 f 6 f
max
2 ;
sðlÞff  sðlÞgg
 .
T ¼ 2 at  1 6 f 6 fðlÞ2 :
ð53Þ
The solution to the systems of equations obtained with the use
of (50) and (53) is illustrated in Figs. 8–10. The dependence of ra-
dius rCD after unloading on its value at the end of loading is de-
picted in Fig. 8. It is a measure of springback. It is seen from this
ﬁgure that springback decreases as the deformation at the end of
loading increases. In order to illustrate the through thickness dis-
tribution of residual stresses it is convenient to introduce the coor-
dinate X ¼ r  rCD (Fig. 1). In particular, the radial stress is shown in
Fig. 9 and the circumferential stress in Fig. 10 at rCD=H ¼ 22 and
different values of p. In general, reversed yielding can occur in
bending. However, elastic-perfectly plastic theories usually lead
to solutions with no reversed yielding (Rees, 2007). Calculations
carried out in this paper have shown that the moment release is
pure elastic for a range of parameters considered, though the stateof stress is very close to the yield condition at X  0:48 for
p ¼ 2 103 (curve 1 in Figs. 9 and 10). It is also seen from these
ﬁgures that an effect of elastic properties is most signiﬁcant at
the central part of the specimen where such approximate formula-
tions as those adopted in Wang et al. (1993) and Tan et al. (1995)
ignore the actual distribution of strain. The distribution of the
4368 S. Alexandrov, Y.-M. Hwang / International Journal of Solids and Structures 46 (2009) 4361–4368residual stresses outside the central part of the specimen is almost
independent of the elastic properties in the range of p studied.
Since the material is incompressible, the hydrostatic stress and
the out of plane component of the stress tensor are determined by
r ¼ rzz ¼ ðrff þ rggÞ=2.
7. Conclusions
The ﬁnite deformation plane strain rigid- and elastic–plastic
bending of anisotropic materials has been investigated. Unloading
has been included in the analysis to study springback and the dis-
tribution of residual stresses. The numerical part of the solution
consists in numerical integration, numerical solution of ordinary
differential equations and numerical solution of transcendental
equations, depending on the stage of the process. Therefore, the
accuracy of the results obtained is rather high. This combination
of the simplicity of the ﬁnal representation of the solution and
the accuracy of calculation is a distinguished feature of the present
solution as compared to other analyses of the pure bending process
at large strains.
It is unclear from the general theory whether or not rigid plastic
models can be used instead of elastic–plastic to calculate the bend-
ing moment (Hill, 1950). Calculations carried out in this paper have
shown that a difference between the elastic–plastic and rigid plas-
tic solutions appears at the very beginning of the process only
(Fig. 6). On the other hand, plastic anisotropy may signiﬁcantly
inﬂuence the bending moment and the position of the neutral line.
However, there are anisotropic yield criteria that lead to the same
solution as the isotropic yield criterion. For example, Hill’s qua-
dratic yield criterion (Hill, 1950) belongs to this class.
At ae 6 a 6 a2 the elastic–plastic solution, including the stage of
unloading, is in almost closed form. A numerical technique is only
necessary to solve transcendental equations for s and a at unload-
ing. At a > a2 it is necessary to solve numerically an ordinary dif-
ferential equation, which also can be done with a very high
accuracy. Therefore, the problem and its solution can serve as a
benchmark problem for numerical packages that deal with spring-
back simulation. It can also be useful for selecting shape functions
in ﬁnite elements and/or a number of through thickness elements
for numerical packages developed for sheet metal forming simula-
tion. For, the gradient of residual stresses is very high at the central
part of the specimen (Figs. 9 and 10) and it is worthwhile to ac-
count for this feature of solutions at the stage of developing
numerical packages.
It is straightforward to extend the approach developed for
springback simulation for strain and strain rate hardening materi-
als, as has been shown in Alexandrov et al. (2006) for the stage of
loading. It immediately follows from (10) and (11). For, assuming
that T1 and T2 depend on the equivalent strain and the equivalent
strain rate and using (7) and (9) it is possible to transform (10) into
the same type of ordinary differential equations as that solved in
this paper. This will be the subject of a subsequent investigation.
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ln
s
a
s
a
 1
 h i
ln
s
s a
 
 p ln afðlÞ1 þ s
 
afðlÞ2 þ s
 h i
þ ln s pþ 2 ln a
aðlÞ
 h i
 2 ln s
ðlÞ
aðlÞ
 
ln
aðlÞs
aðlÞs asðlÞ
 
þ 2 ln 4 aðlÞfðlÞ1 þ sðlÞ
 h i
ln
aðlÞ afðlÞ1 þ s
 
aðlÞs asðlÞ
2
4
3
5
 2 ln 4 aðlÞfðlÞ2 þ sðlÞ
 h i
ln
aðlÞ afðlÞ2 þ s
 
aðlÞs asðlÞ
2
4
3
5
þ lnðs aÞ pþ 2 ln a
ðlÞ
a
  
þ 2 ln a
ðlÞðs aÞ
aðlÞs asðlÞ
 
ln
sðlÞ  aðlÞ
aðlÞ
 
 2Li2 as
ðlÞ
asðlÞ  saðlÞ
 
þ 2Li2 aðs
ðlÞ  aðlÞÞ
asðlÞ  saðlÞ
 
þ 2Li2
a fðlÞ1 a
ðlÞ þ sðlÞ
 
asðlÞ  saðlÞ
2
4
3
5
 2Li2
a fðlÞ2 a
ðlÞ þ sðlÞ
 
asðlÞ  saðlÞ
2
4
3
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